A GENERAL SYSTEM OF LINEAR EQUATIONS*
BY

A. J. PELL

By virtue of the Hellinger-Radon integral,t which reduces in one special
case to the Hellinger integral and in another special case to the sum of squares,
a system of linear equations of the form

*dalP) (1) du® (1)
T = anx — T mn
Sawn+ 3 [ “m s
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_ di AA@P (s, 8)du® ()
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which involves a finite or denumerably infinite number of unknowns {z.}
and {u® (s)}, is contained in the single equation

(b) u=4[uj,

where U is a function on a composite range and A4 is a linear functional trans-
formation We consider in this paper the solution of such equations, the
corresponding non-homogeneous and adjoint equations, both when the func-
tional transformation A is completely continuous but not necessarily sym-
metric, and when it is limited and symmetric. The method used by us is
the construction of an orthogonal system of functions on a composite range,
and by means of this orthogonal system the transformation of the equations
above into the linear equations

2 = zk:bik 2k

in denumerably infinitely many unknowns in a Hilbert Space. Then the
results of Hilbert’s fourth memoir are simply carried over into the more
general situation.

In his memoirs} and lectures E. H. Moore has considered general systems
of linear equations in General Analysis, which include for example the mixed
linear integral equation. While a special case of (a) is the mixed linear

* Presented to the Society, December, 1917.

t Radon, J., Absolut additive Mengénfunktionen, Wiener Akademie Sitzungs-
berichte, vol. 122, Abt. 2a, Heft 6-10 (1913), pp. 1295-1438.

t E. H. Moore, On the foundations of the theory of linear integral equations, Bulletin
of the American Mathematical Society, vol. 18 (1912), pp. 334-362.
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integral equation, that theory is not contained in this paper, for the functional
transformation A is not limited in the sense defined here.

Following the lines of Hilbert’s theory, J. Radon* develops a theory for
linear equations of the form (b) where 1l is a function on a simple range. His
theory is confined to the completely continuous case, and yields at the same
time the Hilbert theory of linear equations in denumerably infinitely many
unknowns, and the theory of Fredholm’s linear integral equations.

Section 6 deals with the properties of orthogonality and closure of a
general matrix L = (I® (E, E’)), which may consist of (li, p(s),
P (t), AP (s,t)) and includes as special cases the matrices formed
from the coefficients of orthogonal systems of linear forms and linear differen-
tial forms. In his lectures E. H. Moore has given similar results for matrices
in General Analysis.

I wish to acknowledge some helpful suggestions in regard to the Hellinger-
Radon integral from Mr. T. H. Hildebrandt.

I. DEFINITIONS

In a space of n dimensions let I be defined by a;=e¢;=2: < d; < b;
and let € be a class of sets E of points of I such that

(1) If E; and E, belong to &, the sum E; 4+ E; and the product E; E,
belong to €.

@2) It E,,---,E,, --- belong to € and are mutually distinct, >, E,
belongs to €.

We consider real single-valued functions f (E) on €.

A function f (E) is absolutely additive if, when E,, ---, E,, - - - belong to €
and are mutually distinct

f(ZE.) = Zf(En).

A function f(E) is monotonic if f(E) = 0.

A monotonic, absolutely additive function fo (E) is called a basts function
of the absolutely additive function f(E), if f(E) = 0 whenfo(E) = 0.

The range of the variables ¢, k, a, and 8 is that of a sequence, which may
be finite in some cases.

Hellinger-Radon integral. Let fo (E) be a basis function of the absolutely
additive function f (E). Divide E into a finite number of distinct sets E;,
E;, ---, E,, and form the sum

i(f(E;))2

izt fo(E)

* Radon, 1. c.
t Radon, 1. c.
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the term being defined to be zero when fy (E;) = 0; if this sum has a limit as
n is increased and the diameter of E; approaches zero, the limit is denoted by

the Hellinger-Radon integral
f (df)”
£ dfo ’
and f (E) is vntegrable H (f,) .
If f(E) and fi(E) are absolutely additive, and integrable H (f,) on E,

the sum FEDf (B
~f (E:)f1(E;
EI o (Es)

has a limit as # is increased and the diameter of E, approaches zero, and the
limit is denoted by
df df

& dfo

A system of absolutely additive functions {f;(E)}, each integrable H (f,)
on E, is closed, if there exists no absolutely additive function f(E) % 0,
integrable H (f,), such that

df df;:

b e L (i=1,2,---).
E df 0
We denote by § a system of absolutely additive functions {f® (E)}
on &, classes of sets of points I, defined by ¢ = ¢® =2, < d® < b® in
spaces of finite number of dimensions. If the Hellinger-Radon integrals of
these functions with basis functions f{’ (E) exist, and the sum

( df(a) )2
).
converges, we denote it by
(d§)”
dgo ’

and say that § is integrable H (Fo). It can easily be shown that if § and §,
are integrable H ( ) the sum

df® df®
2 ).
converges, and we denote it by
dF dg
d%oe

2. ORTHOGONAL SYSTEMS WITH GIVEN BASIS FUNCTIONS

Given a monotonic absolutely additive function fo (E) on I, there exists
a closed system of absolutely additive, linearly independent functions
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fi(E), which have fo(E) as a basis function and are integrable H (fo).
Divide I into two mutually distinct subsets EY” and E{’; divide each one
of these sets into two mutually distinct subsets E® (¢ = 1,2, 3,4); continue
this process in such a way that the diameter of E approaches zero. Define
a system of absolutely additive functions as follows

fO(E) = {fo(E) E = E? or any subset of E?,
LBy = 0 E distinct from E?.

From the system fiV, f9, f, f&, ---, drop out all the functions which are
zero or linearly dependent on a finite number of the preceding, and let {f; (E) }
be the system thus obtained. Obviously the functions f; (E) are integrable
H (fy). For any absolutely additive function f (E) such that

df df; :
35 = (¢=1,2,---),
dfo ‘ :

it follows that f (E{”) = 0, and hence

(@) _
I dfo

and f(E) = 0, so that the system {f; (E)} is closed.
A system of absolutely additive functions {p; (E) }, which are all integrable
H (po), forms a normalized orthogonal system with the basts function po(E) if

(1) [dp,;dpk={1 ’L=k
Jr dpo 0 %k

For every monotonie, absolutely additive function po(E), a closed normalized
orthogonal system {p; (E)}, with po(E) as a basis function can be constructed.
Because, if {f;(E)} is a closed system of linearly independent absolutely
additive functions with po (E) as a basis function, constants ¢;; can be deter-
mined by the usual procedure, so that p;(E) = Xi=i ¢ fu (E) satisfy the
conditions (1).

By the usual method we obtain, for any normalized orthogonal system
{pi(E)}, Bessel’s inequality

dpedf ' _ (4"
@ T =

0,

for any function f (E) integrable H (po). A special case of (2) is
2 (pi(E)) = po(E),

;p;(E)];M

dpo

and hence the series

is uniformly convergent.
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If the orthogonal system {p; (E)} is closed

(B) = 3 p (B) dp;,df

dfdg dp; df (*dp:dyg

r dpo T Jr dpo Jr dpo

also

)

for every f(E) and g(E) integrable H (po). From this last equality it
follows that

3) po(ELEy) = ZPi(Ex)Pi(Ez)-

Let {p§’(E)} be a system, finite or denumerably infinite, of monotonic,
absolutely additive functions, and {p®(E)} closed normalized orthogonal
systems with p{® (E) as basis functions. Let L = (li) be an orthogonal
matrix, that is,

1 1=k
leijlk.‘i = {O 1,=i=k’
and
1 1=k
2 lsi by = {o Pk

Let (I%) be matrices made up from the columns of L, so that each column
of L occurs in one and only one of the (I$)). The functions defined by

PP (B) = 2P (E)

are absolutely additive, form a system {PB;} integrable H (Bo), and satisfy
the following orthogonal relations

d‘Bid‘Bk_{l i=k
dPo |0 %k

(a) =
@) ;p(i“)(El)P(f)(Ez) - {Po (€1E2) z*g’

or

Z( d%}d‘B,—) (dg)?

dPo dPo

For every sequence {z;} of finite norm, >_; z, B; represents a function in-
tegrable H (PBo), and

t

A dZ; z; Ps a3 dP:
® B Rl v
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3. LINEAR FUNCTIONAL TRANSFORMATIONS AND MATRICES

In connection with a given matrix 4 of absolutely additive functions
(a*® (E, E’)), we introduce the following notations. A% denotes the
system of functions ¢ (E, E’) for given « and E; Az denotes the system
of functions a®®® (E’, E) for given o and E. If %A%, Az, §, and ® are
integrable H (Ao), where ¥, is a system of monotonic, absolutely additive
functions, we define the following functional transformations and bilinear form

dUxd
4151 = 4315 = [BEE,
©®) 4131 = 43151 = [ L5
and if 4 [® ] is integrable H (A,),
a4
A(F,0) = d%dgl:@]

If4d=(a*P(E,E))and C = (¢“P (E, E')) are two matrices such
that A% and G are integrable H (%,), the product D = AC denotes the
matrix formed from the elements
a3 dGy
(a, B) = [ &REYCE
d (E,E) N,
The matrix A (Po) is defined by the elements

PP (E,E) a=8
0 a+f’

Given a system ¥, of monotonic, absolutely additive functions af (E),
a linear functional transformation T[] is limited with respect to N, if, (1)
it transforms every absolutely additive function  integrable H () into an
absolutely additive function T [{] integrable H (2,) : (2) there exists a
constant M independent of § such that

AT 1§D _ , (LdFP
a, =M

It follows immediately from the second condition that for any §, and §
integrable H (%,) and such that

f (S =) _

$@B(E,E') = {

Jm 4%, 0,
. (@T(§a—FD?
,}l_?}. dA =0

and
Im T[F.1=T[F].
n—>o0
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Let {PB.} be a closed orthogonal system with basis function ,, and let
{e;} be any sequence of finite norm. If T[] is a limited linear functional
transformation, and § = X ¢; P then

T1§]= eI,

and hence T [PB;] is of finite norm. In the usual wayt it can be shown that
if ® is integrable H (o)
, d®dT [ ] d®'dT[P:]
) T Fe) T
and hence
d&dT [Ps]
d¥

is of finite norm. An adjoint transformation T*[ ] can be defined by

et g (45T
T [ %] - ; %1 d%[o .

A matrix 4 of absolutely additive functions a#® (E, E’), integrable
H (o), is limited with respect to Ny, if the functional transformation 4 [ F1,
defined in (6), is limited with respect to .

THEOREM 1. A functional transformation T which is linear and limited with
respect to Wy, gives rise to a matriz A of absolutely additive functions a™® (E,E')
integrable H () for every a and E , such that

dU% dF
T=4[3%]= ax,
A(F,0) =4(6, %),
and
[4(F, @) =M
for § and ®© such that
(d%)2<1
dUo
and
(d@)2<1
a%, =

Let {P:} be a closed orthogonal system with basis function o, then the
matrix B defined by the elements

as,
- b = [T 8]

t Hellinger, E., Neue Begriindung der Theorie quadratischer Formen von unendlichvielen
Verdnderlichen, Journal fiir die reine und angewandte Mathematik,
1907, p. 239.
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is limited.* If {z;} is a sequence of finite norm, then, from (5), the linearity
of T, property (2) of a limited functional transformation, and from (5')

d% dT[‘Bk] ngidexk T[%k] d‘Bsz kak$k]
2o =2z %, I f %,

But X i a1 B is integrable H (o), and from the third relation of (4) it follows
that 2i bsx, i is of finite norm, and B is limited. The functions

8) a*® (E,E') = Zp“"(E)b,k P (L)

are absolutely additive in E and E’, integrable H (,) for every « and E,
also for every 8 and E’, and are such that

T[] =4[3].

From the properties of the limited matrix B, the remainder of the theorem
follows.

Let §™, §, O™, & be integrable H (o), S((dF™)2/d¥;) and
S((dA™)2/dAy) bounded in n, and lim, F® = §, lim, ™ = @. The
bilinear form A4 (§, A) is completely continuous if

lim 4 (F™, A™) = 4(F, ©).
n—>w

If A(F,®) is completely continuous, the bilinear form B (x, y) is completely
continuous.

4. SYSTEMS OF LINEAR EQUATIONS. COMPLETELY CONTINUOUS CASE

Let 4 and B be limited matrices connected by the relations (7) and (8),
where {B;} is a closed orthogonal system with basis function N,. If {m,}
is a sequence of finite norm, the system of functions U defined by

(9) u= ;mk‘Bk

is integrable H (A ), and the sequence {m;} is expressed in terms of 1l by

dP. dll i
dY,

The relations (9) and (10) establish a one-to-one correspondence between the
solutions 11, integrable H (o), of the system of linear functional equations

(11) u=4[ul,

* Hellinger and Toeplitz, Theorie der unendlichen Matrizen, § 10, Mathematische
Annalen, 1910, vol. 69.

(10) m; =
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and the solutions {m,} of finite norm of the system of equations

(12) m.~=Zb,~kmk (¢=1,2, :--).
k

Multiply both sides of (12) by PB;, sum with respect to ¢, then in the right
hand side substitute for m; from (10), and we obtain (11). Similarly we may
pass from (11) to (12).

There is a one-to-one correspondence between the solutions of the adjoint
systems

(13) B =4"[W]
and
(14) n; = Z_:bki Nk;

also between the solutions of the corresponding non-homogeneous equations

u=g+4u,
where §§ is integrable H (%), and
(16) m; = ¢; + ; bix My,

where {c,} is of finite norm, and § = Zx cx P

From the known theorems* concerning the solutions of (12), (14), and (16),
we obtain the following theorem, if we understand by a solution, one which
is integrable H (U,).

THEOREM 2. Let the matrix A = (a® (E, E')) be limited with respect to
No, and the bilinear form A (§, ® ) be completely continuous. If the homogeneous
equations (11) have no non-trivial solutions, the non-homogeneous equations (15)
have one and only one solution for every § integrable H (o). The homogeneous
equations (11) can have only a finite number of linearly independent non-trivial
solutions. If the equation (11) has n linearly independent non-trivial solutions
U;(E), the adjoint equation (13) has n linearly independent non-trivial solutions
W, (E), and the non-homogeneous equation (15) has solutions when and only

when

dFdB: -
d?{o —-O (t_liz’ )n)-

When I, consist of points in a space of one dimension, a{’ is formed from
a monotonic non-decreasing function, constant except for a finite or de-
numerably infinite set of points of discontinuity in I, and a{ (« > 1) formed
* Hilbert, D., Grundzige einer allgemeinen Theorie der linearen Integralgleichungen, pp.

164-170.
Trans. Am. Math. Soc. 24
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from continuous, monotonic non-decreasing functions,* the equation (11)

takes the form b 7 (1,8 (8)
B = da® B (t)du'® (t)
x.—Z’;a,ka—BE:z ] WP (t)

17

& (Pd, AP (s,t)du® (t)
(a) - (a.1) d
Ay (8) = Zk AagV(8) xx +ﬂz=:2‘£ daP’ (1) ’

in which the unknowns are {z;} and {u (s)}. As an illustration of (17) in
which the form 4 ({, ®) is completely continuous, we give the following.
The range of « and B is that of a single element; of 7 and k, a finite number n
of elements; a;z =1 for ¢ = k, a;x = 0 for ¢« & k; a$?(8) are continuous
functions and have continuous first derivatives K;(s); a%(s) are continu-
ous functions and have continuous first derivatives L;(s); a®? (s, t) is
continuous in s and £, and has continuous first and second partial derivatives,
3a® 2 /3t and (82a*?/3sdt) = K(s,t); af’(s) =s. The equations (17)
are in this case equivalent to

b
0=f K,(t)o(t)dt i=1,2,...,n).
(18) )

n b
$() =S L+ [ K(s, 0600,
where {z;} and ¢ (s) are the unknowns. The adjoint system is

o=fhmwmm
(19) ’

Vo) =T K@n+ [ K avmd,

where {y;} and ¢ (s) are the unknowns. The system of non-homogeneous
equations corresponding to (18) has the form

b —
O=C,+fK.(t)¢(t)dt (¢=1,2,---,n),

3 =1() + ELn+ [ Ko, 050,

and the necessary and sufficient conditions that it have solutions when (19)
has solutions yx:, ¥x(8), are

n b
Zijki+ff(t)¢k(t)dt=0 (k=1,2, -, m).
=1 a

* Radon, J., pp. 1321-1322, and Hildebrandt, T. H., On integrals related to and extensions
of the Lebesgue integrals, p. 197, Bulletin of the American Mathematical
Sociéty, January, 1918.
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5. SYMMETRIC SYSTEMS OF LINEAR EQUATIONS

A limited matrix 4 is symmetric if ¢® (E, E’') = a® % (E’, E), and
then the matrix B defined by (7) is also symmetric. When B is symmetric
and limited, there existst a spectrum ¢, lying within a finite interval of the
\-axis which consists of real characteristic numbers A¥, or of a continuous
spectrum (a*, b*) or of both, for the equations

)‘*llf = Zbkjl;:
J
[ nnt = 3 bus a5 1),
A J

where A is any subinterval of (a*, b*). Let {L;*{x)} be the characteristic
linear forms corresponding to A\f and {dP*® (\; z)} the characteristic
linear differential forms; they form an orthogonal system with basis functions
{ps°}, that is

(20)

1 1=k

* TRy _
(Li’Lk) - {0 ’l:=i=k’
Appi® a=p

0 a*p’

(Lfr AP*(G)) =0,

where A; and A are any two subintervals of (a*, b*), and Ay is the subinterval
common to them. If for some values of o we allow 7{* (\) to be discontinuous
functions, constant except at A} where they have finite discontinuities and the
corresponding basis functions r{*(A) have unit discontinuities, the two
equations (20) may be expressed by the one equation

(22) f AES (V) = 3 bij A (M),
A J
where A is any subinterval of the spectrum s; and the orthogonal relations
(21) by
23) (A9, 8, B9) =

The relation

1) (A; P*®, A, PX®)) = {

Apr? a=p

0 aFf’
1“8 (N, E) =22\ p®(E)

establishes a one-to-one correspondence between the solutions of (22), and the
solutions [*® (\, E), integrable H (o) for every a and A, of

(24) [z = ataze,
A

where A is any subinterval of s. For the characteristic numbers A\, the
equation (24) becomes
N\ G =A%)
t Hilbert, D., 1. c., pp. 109-174; and Hellinger, E., L. c., pp. 210-271,
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The orthogonal properties (23) yield the following orthogonal properties for €%

dA; & dA, &8 { AprP(N) a=8

@) ) R, 0 a*f’

From the expansion of B in terms of the characteristic forms, we obtain the
expression of A4 in terms of &

o , d\ U d\ S
(26) a@® (E,E') = | \AZEAZE

dRo

The results may be summarized in the following theorem.

THEOREM 3. If the matrix A = (a® (E, E')) 13 symmetric, limited with
respect to o, and not identically zero, there exists a spectrum, lying within a
finate interval of the N-axis, which consists of characteristic numbers, or of a con-
tinuous spectrum, or of both, and for which the equations (24) have solutions,
integrable H (o) for every a and N. The solutions form an orthogonal system
(25), and the matriz A may be expressed in terms of them in the form (26).

By applying results obtained by us* for linear equations with an unsym-
metric matrix of coefficients, we obtain the following theorem.

THEOREM 4. If the limited matrix A = (a® (E, E')) 13 not tdentically
zero, and there exists a limited symmetric matriz T = (¢ # (E, E’)) such that

T(3,8)=0
the equality sign holding only for § = 0, and such that the product matrix

C=4d4T

18 symmetric, then there exists associated with A a spectrum, lying within a finite
interval of the N-axis, which consists of characteristic numbers, or of a continuous
spectrum, or of both, and for which the equation

f)\di?i = A[A%]
A
has solutions.

Let six = T(Pi, Bx), then BS is a symmetric limited matrix, and the
necessary conditions on B are fulfilled.

6. GENERAL ORTHOGONAL MATRICES

In this section we define a general orthogonal matrix L = (I{“® (E, E’)),
and derive some properties. The orthogonal matrices represented by the
relations (1), (4), (21), and (25) are special cases.

Let the functions I ® (E, E’) be absolutely additive in E and E’; o’ (E)
and b’ (E’) absolutely additive and monotonic; {4 integrable H (B,) for

* Pell, A. J., Linear equations with unsymmetric systems of coefficients, these Transac-
tions, January, 1919,
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every e and E. The matrix L forms an orthogonal matrix with respect to %, , if

(27) LLI =A ( QIO) .
From
LA [%]
f( o{5- £ 5 hm __)_>
dBy -

it follows that for every ¥ integrable H (B,)
(Ls(&1) _ ((dF)?
; g $(E) —J dBo
From this, Bessel’s inequality is obtained,

(LIF)? _ ((d3)
d T.J dB,’

which expresses that L[ ] is integrable H (o). As a special case we have
that Q% is integrable H (¥,) for every « and E, therefore
L'[L[F]]

exists for every § integrable H (B,).
The system % is closed if there exists no system @, not identically zero,
integrable H (B,), and such that

1361 =0

for every a and E.
If the matrix L is orthogonal and &% is closed, then for every § integrable

H (Bo)
L'[L[F]]I=§,
and also

(28) L'L = A(%Bo).

If the matrix L is composed of lix, p(s), 7 (¢), and AP (s,t), the

orthogonal condition (27) becomes
*dn'f dn'P 1 1=k
Shho+ 3 [ T {0 iz

Sdt Ay At B (8, 8)d, Ay AP (3, ¢8)
ZA 5 (8) A2 P (9) +2,,3f l db{,ﬂ)(tt)z

{A12 a(al) o = o
- 0 o F ap’
v d, AA® P (s, ) dr® (2)

;lﬁAp(f)(s)+;j‘: db(ﬂ)(t) =0,

and (28) has a similar form.
BrYN MAwR COLLEGE




